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ABSTRACT

his research article is entitled “Applications of partial derivatives in economics:
Cost and production function”, which consists of a series of situations with
their respective solutions applicable in the area of economics and business. The
objective of this study is to have a guide of problems with their respective solutions using partial
derivatives applied in the area of Administration and Economics. A descriptive analysis and a
mixed approach with a qualitative predominance were used, providing a better acquisition of the

exact sciences since relevant aspects were taken from different reliable sources of information.
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Through this study, it was possible to obtain quality results that help to promote and increase
the knowledge of both students and teachers who can access this study and this contributes to
the development of meaningful learning in economic and administrative sciences since it takes

the aspects of innovation in problem-solving and also allows to strengthen critical thinking.
1. INTRODUCTION

In the present time, there are a great number of applications of mathematics and in its
general aspect related to other sciences such as economics, medicine, engineering, and physics,
among others, which make mathematics a primordial science for the development of models

that solve a situation of the social context or whatever it may be.

This is supported by Moriana (2003), who argues that “it is universally accepted that
mathematics is the language of the sciences. As a branch of human knowledge develops and
becomes structured, it adopts the precise language of mathematics” (p. 12). In contrast to what
Herrera Castrillo (2023) states, “Mathematics has always been seen in isolation from other

sciences, but in reality it is closely related to other fields” (p. 32).

Given the above and taking into account the relationship of mathematics with other
sciences, the development of this work is based on applications of partial derivatives (belonging
to differential calculus) in the economic sciences as a proposal based on problem-solving, i.e.

several problematic situations are presented that are applied in the economic area.

The concept of the economic model is considered in a broad sense, as a simplified
representation utilizing a mathematical formulation of a certain set of economic relations
(Sampedro J. L. 1959, cited in Moriana, 2003, p 102). In other words, models must try to
represent a real economic phenomenon utilizing a set of relationships and they must do so in

mathematical terms.

It is of great relevance to point out that the proposed applications are taken from
different bibliographic reviews, some that were already solved were developed in a simpler
and more detailed way, but most of them are from the problems proposed in the textbooks of
mathematics for administration and economics, which are detailed in the bibliography of this

work.

Problem-solving constitutes the fundamental axis of any process, especially where
mathematics is involved or, failing that, any science that depends directly or indirectly on it.
Brousseau (1983), in his Theory of didactic situations, attributes a preferential place to problem
solving as the fundamental basis of knowledge. According to the relationship of mathematics

with economic sciences, it leads us to the application of mathematical models that allow us to
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give solutions to diverse economic situations and for this reason, the present research is based

on the resolution of partial derivatives problems involving both sciences.

According to bibliographic reviews, there are a large number of publications and studies
dealing with the role of mathematics in the economic sciences. This topic is not exempt from
controversy, and besides having repercussions on the development of economics as a social
science, has a decisive influence on the development of professionals and those involved in

economic processes.

More and more economists and administrators consider that the use of mathematics
as a symbolic language and method of scientific reasoning is an invaluable aid in the tasks and
objectives of these sciences. Its presence is fundamental both in the description of complex

economic relationships and in the formulation of propositions about behavioral relationships.

Thus, the contribution of mathematics to the economic sciences cannot be seen in
isolation but as a consequence of the historical evolution of both and of its relations with other

fields such as physics, biology, ecology, medicine, and astronomy, among others.

2. METHODS
2.1. Type of Study

This research, according to its approach, is of a mixed type, since it emphasizes the
description and analysis of problems related to the economic and administrative environment
to infer and refine research questions in the process of interpretation, in addition to applying the
inductive logic from the particular to the general. Therefore, it has a quantitative and qualitative

character.

According to Herndndez et al. (2014), “the goal of mixed research is not to replace
quantitative research or qualitative research, but to use the strengths of both types of inquiry

by combining them and trying to minimize their potential weaknesses” (p. 532).

It should be noted that the most predominant approach is the qualitative one, i.e., during

the research process, application problems on cost function are described and analyzed.
Thus, Taylor and Bodgan (2001) state that:

Qualitative research produces descriptive data: people’s own words, spoken or
written, and observable behavior. In other words, this approach can be conceived as
a set of interpretive practices that make the world visible, transform it, and convert
it into a series of representations in the form of observations, notes, recordings,

and documents (p. 20).
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2.2. Information Collection
Hernandez and Duana (2020), explain that:

Data collection is considered a measurement and is a precondition for obtaining
scientific knowledge. The data collection instrument is oriented to create the
conditions for measurement. Data are concepts that express an abstraction of
the real world, of the sensory, susceptible to be perceived by the senses directly or

indirectly, where everything empirical is measurable, (p.51).

That is, the collection of information is that which explains an important subject for the
development of knowledge, for example, in this research different sources of information were
taken to collect data appropriate to the content such as magazines, books, websites, and PDF,

among others.

In this study, a descriptive analysis was made to arrive at the interpretation of the data
obtained through the different sources of information, starting with the codification of the
data collected to make it easier to understand, which was elaborated using a summary, images,
footnotes and taking into account the qualitative and quantitative analysis of the cost and

production function problems.
3. ANALYSIS AND DISCUSSION OF RESULTS

In this section a series of problems applied to cost and production are presented, solving
them using the definitions and basic properties of the partial derivatives, to better understand
the basic definition of cost and production, later the problems of application to these two terms

are presented.
Cost: According to (Bravo, 2014, cited in Cando, 2020), costs are:

The disbursements made by the company for the manufacture or elaboration
of a product or the provision of a service, the cost constitutes an investment, is
recoverable, brings profit, is a concept that is valid in the industrial company. The
cost of the manufactured products is given by the production costs incurred for
their manufacture. Cost is the basis for product costing, performance evaluation,
and management decision-making. Cost is defined as the “value” sacrificed to

obtain goods and services (pp. 21-22).
Production: According to Valhondo and Séez, (2014), production consists of:

A sequence of operations that transform materials causing them to pass from
a given form to another form that is desired to be obtained. Production is also

understood as the addition of value to a good or service, through the effects of a



Applications of partial derivatives in economics... Lépez, Herrera

transformation. To produce is to extract, to modify goods to make them suitable to

satisfy needs (pp. 19-21).

Generally speaking, it can be concluded that companies are in charge of production,
that is, of the goods and services offered in the market, considering not only the production of
physical goods (food, clothing, automobiles, among others) but also the provision of services

(marketing, health, education, transportation, research, among others).

APPLICATION PROBLEMS
1. A closed rectangular box is constructed so that its volume is 36 cubic feet.
The cost of the material for the lid and base is $10 per square foot, the
material for the front and back sides is $9 per square foot, and the material

for the other sides is $7 per square foot.

a. Determine the cost function C(x; y), where x and y are the measures of the length

and width of the base of the box respectively.

b. Calculate Cx (3; 4) and Cy( 3;4) and interpret the results.

Figure 1.

Representation of the first problem

Own creation

Solution:
a. Determine the cost function of the function

Taking into account that the volume of a rectangle is given by:

36
V=x*xy*xz=36—>2z=—
Xy

According to the data given by the problem, the cost of the material to build the box is
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C =10(2xz) +9(2xz) + 7(2yz) = 20xy + 18xz + 14yz

By replacing the expression for z in the cost C, we obtain

C(x:y) = 20xy + 18 (36)+14 (36)—20 L 048, 504 >0
X;¥V) = Xy X 5 v E = XY T T,x,y

b. The partial derivatives of C concerning x and y are

504 648
Ce(x;y) =20y —— y Gy (x;y) = 20x — 57

Then
504
Cx(3;4) = 80 — —~ =80 — 56 = 24

648
Cy (o y) = 202 = —7 = 60 405 = 195

Interpretation of the results
Thus, when the base side of the box measuring x is 3 ft and the side measuring y is held

constant at 4 ft, the cost of building the box increases at a rate of $24 per foot increase in x.

Similarly, when the base side of measurement y is 4 feet and the side of measurement
x is held constant at 3 feet, the construction cost increases at a rate of $19.5 for each foot of

increase in y.

2. A company that manufactures computershas determined that its production
function is given by P(x, y) = 500x + 800y + 37’ y- y4/4 where x is the size of the
labor force (in labor hours per week) and y is the amount of capital (in units
of $1000) invested.

a. Find Py (x, ) y Py (x, y) when x=50 and y=20 and interpret the results.
Solution:

Let x = the size of the labor force (in hours of work per week).

Social sciences, Business education and Law
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» = the amount of capital (in units of $1000) invested.
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Deriving partially concerning x and y in the production function we have:

Deriving partially concerning the variable x and concerning the variable y in the

production function:

4

P(x,y) = 500x + 800y + 3x%y — }’I

P.(x;y) =500 + 6xy

P,(x;y) =800+ y*

Substituting x=50 e y=20en P,. (x;y) y Py x;y)
Interpretation of the results

In conclusion, when the size of the labor force equals 50 working hours per week and, the
invested capital is kept fixed at 20 ($1000 units) the computer output increases by 6500 units
produced.

Similarly, when the capital invested is 20 ($1000 units) and the labor force size is held

fixed at 50 labor hours per week the output of computers increases to 8800 units produced.

3. The cost (in dollars) of a small furniture company to manufacture a unit of

various items other than wood is given by:
C(x;y)=5+5x+ 22y

where x represents the number of board feet used and y expresses the number
of working hours needed for assembly and finishing. If it takes 20 board feet and 2.5

labor hours to make a bookcase, find the manufacturing cost.
Solution:
Let x be the number of board feet used.
Let y be the number of working hours required for assembly and finishing.

To solve this situation we only need to substitute x=20 e and y =2.5 in the original

function.
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C(x;y) =54+ 5x+ 22y
€(20;2,5) =5+4+5(20) + 22(2,5)
€(20;2,5) = 5 + 100 + 22(2,5)
€(20;2,5) =54+ 100+55
C(20;2,5) = 160 ddlares

Answer: The manufacturing cost of a bookcase will be $160.

4. Assume that the output of Q units of a company’s product is determined by

the Cobb-Douglas production function
Q = 30KV/*13/*

Where K represents the capital investment in dollars and L the labor hours.
a. Find Q if K= $10 000 and L=625 hours.

Replacing we have:
Q = 30KV/4L3/4
Q = 30(10 000)1/4(625)3/4

Converting the powers to roots yields the following:

Q = 30(¥10000) (/(625)%)
Q = 30(10)(125)
Q = 37500

Answer: When the capital invested is $10 000 and 625 hours are worked, the units
produced will be 37 500.

Social sciences, Business education and Law
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b. What happens if the investment and the hours worked are halved? Then
K=$5 000 and L.=312.5 hours.

Replacing we have:
Q = 30K'/*L3/*
Q = 30(5000)/4(312,5)3/*

Converting the powers to roots yields the following:

Q = 30(¥/5000) (“1/(312,5)3)

Q = 30(8,40)(74,32)
Q = 18750

Answer: When capital invested and hours worked are halved output is also halved.

c. If capital investment is kept at $ 10,000, plot the graph of Q as a function
of L.

The equation would be:

Figure 2.

Plot of Q as a function of L.

UNITS PRODUCED (Q)
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5. A bakery produces white chocolates and dark chocolate. The material and
labor cost of producing a kilogram of white chocolate is $6 and dark $5.

Assume that the company has weekly fixed costs of $1200.

a. Find the weekly cost as a function of the number of kilograms of chocolates of each

type produced per week.

b. Assume that the bakery sells a kilogram of white chocolate for $10 and dark chocolate
for $8. Obtain the monthly utility function as a function of the number of kilograms

of each type produced and sold per week.
Solution:

a. The material and labor costs of producing ¢ kilograms of white chocolate and ¢

kilograms of dark chocolate are given by 647 and 5¢ 5 respectively.

The joint cost in this case is given by

€(q1,9>) = fixed cost + variable cost
C(q1,q2) = 1200 + (69, + 5q2)

b. First, we will obtain the joint revenue function, it is clear that
q, = white chocolate kilos
q, = dark chocolate kilos

1(q1,9;) = incomes from the q, sale + incomes from the g, sale

1(q1,92) = 10q, + 8¢,

Finally, we have that

U(q1,92) =1(91,92) — C(q1,92)
U(q1,92) = 10q; + 8q, — (1 200 + 6q, + 5q3)

U(q1,92) = 4q1 +3q, —1 200

Social sciences, Business education and Law
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6. The production function of a firm is where P is the output obtained when
I units of labor and k units of capital are employed. If at a given time 243

units of labor and 32 units of capital are employed.

a. Approximate the effect on output of increasing labor to 248 units and decreasing

capital to 31 monetary units.
b. Calculate the percentage change in output.
Solution:

a. If we represent the change in output as dt, and the increase in labor and capital as dI

and dk, respectively we will have the equation.

ar <22 a1+ %2, an
T ok

The partial derivatives are:

3 2
dp = (450 (g z-2f5) k2f5) dl + (450 (gk‘3f"5) l3f5) dk

2/5 l3;’5

If we have thatl = 243, k = 32, then:
dl =248 -243 =5 y dk=31-32=-1

Substituting the values in

k2/5 J13,"5
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We have
2/5 3/5
dP = 270 ( ((2 3))2 ,.»5) (5) + 180 (((32))3 T ) (-1)
V1024 V14348907
dpP = 270(\/597) (5) + ( e )(—1)

dp = 270( )(5) +180 (287) (—1)
dP = 600 + (=607,5) = —7,5

Answer: Thus, production decreases by approximately 7.5 units.
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b. The percentage change in production is
%P = E * 100
P
IfdP = —7,5y P = 45013/5k?/5 with | = 243 y k = 32 then we have.

~7,5
= 450(2433/5)(32)2/5
= —7 x 100
450(3/(243)3)(3/(32)?)
B —750
- 450(3/(14 348 907)(3/(1024)

~750
450(27)(4)

%P 100

0,

%P

%P =

50
%P =——=10,015%

Answer: Production falls by 0.015%.
4. CONCLUSIONS

Theoretical and practical aspects of the different applications of partial derivatives in

economic sciences based on problem-solving were reviewed.

Taking into account the theoretical foundations, a brief historical review of mathematics
about the economic sciences was made, highlighting the importance and its applicability in this

area of knowledge.

In addition, the general aspects of partial derivatives such as definition, notation, and

the different types that exist as a basic foundation for problem solving were taken into account.

The different applications of partial derivatives and their relation with the economic
sciences were analyzed in a general way, taking into account different bibliographies from which

solved and mostly proposed situations were taken.
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A series of problems are proposed with their respective detailed solutions and analysis of

the answers, including cost and production problems.
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